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, We describe the deformed E.T. quantization rules for K-deformed free quantum 

fields, and relate these rules with the K-deformed algebra of field oscillators. 

o 



u 1 Introduction. 



Recently, there were considered in several papers [I] -[7] the field quantization rules for 
canonically deformed QFT, with the noncommutative space-time coordinates satisfying 
the relation 

[x^,Xi,] = iO^y {6^y = const) . (1) 

The deformed QFT can be represented by classical fields if we use the Weyl map f{x) — > 
f{x) provided that the product of commutative fields at different space-time points x, y 
is given by a bilocal Moyal star product 



f{x) -kg g{y) = exp 



2 ^l V 



f{x)g{y) . (2) 



The choice of ([2]) corresponds to the following extension of the relation ([T]) for a pair x^, 
of noncommutative space-time coordinates 

[x^,,yy] = [y^,,yu] = iO^,u ■ (3) 
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The free 0'^'^-deformed KG field is described on commutative Minkowski space by standard 
free actioE0 

C, = ]^[{d^ipo{x)f ~m^^,{xf] , (4) 
and we quantize tlie fields through a deformed E.T. commutation relations 

[ ¥'o(^,^),7ro(t,y) = V2o(^,^) *e 7ro(t,y) - Hoit^y) -kg ipo{t,x) = iS^^\x - y) , (5) 

dCo 

ipo{t,x),ipo{t,y} = ['Ko{t,x),7Vo{t,y) U = ■ (6) 



where 7ro{x) = j^^^. = dtifoix), and 



Let us introduce the Fourier transform defining creation and annihilation operators as 
follows 



(7) 

PQ=U){p) 



where uj{p) = ^J-p^ ^ and a(p) = a^(p) = A{^—lli{j)),~p). In order to 

obtain the relations ([5]), ([6]) one should postulate that the oscillators a(p), a^(p) satisfy 
the following deformed algebra 

[at(p-),a(g-)]o, =2a;(p-)5(3)(p_g-) , (8) 



\a{p),a{q)\o, = \a\p),a\q)\o,=^ , (9) 
with multiplication oq defined by 

a{p) og a{q) = e~^P^'^a{q)a{p) , (10) 

a\p) oe a\q) = e--^P^^a\q)a\p) , (11) 

a\p) og a{q) = e^P^^aigja^p) , (12) 

a{p) Oq a^{q) = e^P^''a\q)a{p) , (13) 



Using 

one gets that 



g«p^ *g e'^^ = e**-^^"'"''^''"^^^^ , (14) 



ip{x) kg ip{y) = — i- / d^p I (fq 5{p' - m')S{q' - m')A{p)A{q) e^^" ^g e'^^ (15) 



(27r)3 
1 



(27r)3 
:= ip{x) og ip{y) 



d^p J d'^q 5{p^ — m?)5{q^ — m'^)A(p) og A(q) e 



i(px+qy) 



^One can show that / d'^xf{x) -kg f{x) — J d'^xf{x)f{x); other argument is that the 6'^''-deformation 
is generated by twisted Poincare algebra [2]-[I|, with unmodified mass and spin square Casimirs. 
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and from the relations ([H]), © follows that 

[ipo{x),(po{y)]og = iA{x - y;?!!!^) , (16) 

where on rhs we obtain the fourdimensional classical Pauli- Jordan commutator function. 
We see that in field-theoretic framework the noncommutativity of space-time coordinates 
described by the star product ([2]) we express equivalently by the deformation (!8|)- (fT^ of 
the oscillator algebra. 

In this note we would like to present similar construction describing the quantization 
of K-deformed free field |H],[9]. We would like however to point out that: 

i) The K-deformation modifies the free action of the scalar field; the deformed KG 
operator will be given by the /c-deformed mass Casimir, 

ii) The fourmomentum coproduct for K-Poincare algebra is deformed. Keeping this 
nonsymmetric addition law it is desirable however to introduce the particle states with 
classical addition law of their fourmomenta, 

iii) The quantization rules should lead to the quantum field satisfying some sort of de- 
formed K-causality condition. The K-deformations do not preserve the notion of standard 
light cone. We shall derive that the quantization rules for free noncommutative scalar 
field should reproduce the ^-deformation of the formula (fT6l) 

A{x; m') ^ A,{x; m') = J d'p e{po) d {C^{p) - m') e^^^ , (17) 

where C2{p) describes the K-deformed mass Casimir of K-Poincare Hopf algebra, and 
AK(x;m^) is an example of K-causal function. 

2 Free field on /^-deformed space-time, quantization 
rules and /^-deformed oscillators algebra. 



In this note we shall use modified, so-called symmetric bicrossproduct basis [TO]-[TT] of 
K-Poincare algebra [12]- [Ej, with standard K-deformed mass-shell \13\ 

C^(P,Po)= (2^sinh(g)y-p2, (18) 

providing classical formulae for the coinverse {S{Ii) = —Ii ; /j = P^j^^M^y). The Abelian 
Hopf subalgebra of fourmomenta {[P^.Py] = 0) is endowed with the coproduct 

A{Po) = Po (g) 1 + 1 ® Po , A{Pi) = Pi®e^ +e-^ Pi , (19) 

and dual Hopf subalgebra, describing K-deformed Minkowski space-time [I5] , [H] , [16] , has 
a form 

[ Xq, Xi] = -Xi , [xi,Xj]=0 ; A{x^) = x^^l + 1^ x^ . (20) 

K 

The K-deformed free quantum scalar field on noncommutative Minkowski space (120|1 
is given by the following noncommutative Fourier transform 

[X) = f d^pA{po,p)6{Cl{p,po)-M^)\e'P-' 



(2vr) 

1 f cPp 



(27r)i J 2n,{p} 



(21) 
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where we have chosen 

and performing mass-shell Dirac delta we get 



a^{p)=A{uj,{p),p) , aUp}=A{-uj^{p),-p). (24) 

In order to represent the algebra of noncommutative fields fl2T]) by the classical ones, on 
commutative Minkowski space, one should introduce the homomorphic ★^-multiplication 

on classical functions obtained by the Weyl map :e*^'^'^^: — e'^^*^^. Because 

■.Q^Pl,x^^■. . ■.QiqiJ.x^': _ ■.Q^A^{p,g)x^^ : ^ ^25) 

with (see ([IS])) 

^f^iP^l) = y^o =Po + Qo, \= Pi(i^ + qie'^'^j , (26) 
the ^K-product reproducing multiplication (l25l) has a form 

We extend the multiplication ( 1271) to bilocal products of functions as follows 

Q^P^l.x^' ^^^iq^y^ _ Qi{pox°+q(iy°)+{pie^ x^'+qte' ^ y"-) ^23) 

where the formula fl28|) corresponds to the following cross relations of two /^-Minkowski 
coordinates [8], [9] 

[xo,yi] = -yi , [xo,yo]=0, (29) 

K 

1 

= , [xi,yo] = — Xi . 

K 

We introduce the K-star product of two free classical fields in the following way 

5iClipe^,Po) - M') 6iCliqe-'^^,qo) - M^) . (30) 

In the definition (130!) besides the use of formula (128|) we also additionally shift the value 
of threemomentum variable in the mass-shell conditions, in accordance with the threemo- 
mentum values obtained in the coproduct (!26|) . One can also observe that the action of 
the fourmomentum generator on the products of oscillators and exponentials in (1301) has 
the form 

P, > [A{p)A{q)] = xMiP)^i(l)] > P, > [e^"" ^« e^^l = xA^''"' ^^"1 ^ (31) 
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and it is described by the coproduct (HM {Pf^>[fg] = a;o A(P^)(/®5() and uj{f®g) = fg). 
One gets that the eigenvalues in both relations fl3T]) are the same 

Xo=Po + qo, X^= P^e''/'^ + g.e-^°/2« , (32) 

where t> A{p) = p^A{p) and > e*^^ = p^e^^^. 

The multiplication fl30l) of the K-deformed free fields after the change of variables 

Vq=Pq , Vi= pte^ , Qo = qo , Qi = Qi^'^ ■ (33) 
leads to the formula 

¥^(x) ^(y) = ^ I d'V I rf^Qe'^^A(Po,e-^PMQo,e^Q.) 

. ^^(Vo^'+Qoy'')Hn'.^+Q.y^)s^cliV,Vo) - M^) 5(C^(Q, Qo) - M^) . (34) 



We see that if one introduces the following K-deformed multiplication for creation/ anihilation 
operators (El {fI?\Vq, Qo) = e5T;(^o-Qo)) 

a.(P)o,a,(Q) = (^0,20)0.(^0, e--p) a, (Qo,e^Q) , (35) 

= (-^o,-Qo)4 (Po,e^p)at (Qo,e-^Q) , (36) 

4(P)o,a.(Q) = (-Po,Qo)4(^o,e--p)a.(Qo,e-^Q) , (37) 

a«(P)o«at(Q) = (n,-Qo)aK(Po,e-p)at (Qo,e^Q) , (38) 

by using the multiplication rules fl35|) - fl38|) for any field operators pair we get [9] 

ip{x) -k^ ip{y) = ip{x) ip{y) . (39) 
Let us now define the K-deformed canonical momentum as follows 

7T{t,x) = d^ip{t,x) , (40) 

where 

= i/tsinh ( -— ) = Ksin ( — ) ^^00 ' dt , (41) 



denotes the K-deformed " quantum" derivative in time directior^. We perform quantization 
of the K-deformed fields through the following deformed E.T. commutation relations 

[ ^it,x),Tc{t,y} = ip{t,x) -nit^y) - 'K{t,y) -k^ (p{t,x) = i5^^\x - y) , (42) 



^In fact the quantum time derivative (|4ip in bicovariant differential calculus for K-defornied Poincare 
symmetries [T7] has additional term (9f = Ksin(^) + i^) but the second term does not provide any 
contribution to the equal time limit 
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and 

[^{t,x),ip{t,y)],^ = [7r(t,f),7r(t,y)],^ = 0. (43) 

From the relations (H2|) and fHSl) one gets the field oscillators (l2lll satisfying the following 
K-deformed algebra {\ A,B]o^ = A o,^ B — B A) 

[ aHp),a{q) U = '^^M 5^'\p - O) , (44) 

[ a{p),a{q) = [ a\p),a\q} U=0. (45) 

In fact, using the formula ( l39l) and CCR relations (Hlj), ( l45i) one derives the fourdimen- 
sional /t-deformed Pauli- Jordan commutator function (see (fT7|l ) 

[ ¥'o(a^), ^o(?/) = «A«(2; - m'^) , (46) 

with the following properties 

A«(x-|/;M2)|„, = , a,'^A,(x-|/;M2)|„, = <5(3)(f-y). (47) 

We see that similarly as in the case of ^'^''-deformation (see ([5]), ([6])), we recover E.T. 
relations P2|) and fHSj) for K-deformed free field and its canonical momentum (140!) . 

3 /^-oscillators algebra and Abelian fourmomenta ad- 
dition law. 

The definition of binary o^-product of K-oscillators can be extended to any monomial of 
creation and annihilation operators [H],[9]. The n-fold product of K-deformed oscillators 
looks as follow^ 

a.ip^'^) 0...0 a.(p(")) = Fi")(p«, . . . {p^o\r^:^) ■■■a. [pt\v^n^) , (48) 

with 



and 



0=1 j=k+l 



3 " 



Fi''\pS\ ■ ■ -Jt) = exp + 1 - ^k)pi'^j ■ (50) 

Let us introduce the vacuum in standard way 

4(p1|0>=0 , PJ0>=0, (51) 
where is the fourmomentum generator. The n-particle state we define by 

b- ... ,p >= a.(p«) . . . a.(pW) o, . . . o, a«(p(-))|0 > . (52) 



■^The formula (|48|) if extended to negative energies describes also the product of annihilation operators 
(see (IMl))- 
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Let us consider in detail the two-particle state 

%q>= a^iPo,P} °K a^iqo,q}\0 >= ^/.(^(p, 9o)) aK(Q(^,Po))|0 > , 

where 

V = e , g = ea-^g . 

Using the formula (Qo = 90) "^o = Po) 



a«(P)aK(Q) = uj{A{Pi)ia^{V)®a,iQ)) 



one gets 

as well, using (jl5 



— * — * 

Pi\p,q>= {Pi + qi)\p,q> , 

\p,q>= \q,p> ■ 



(53) 
(54) 



(55) 
(56) 

(57) 
(58) 



We see that the vector (1531) is characterized by standard properties of bosonic 2-particle 
state. We add also that 

i) The Abelian addition law ( 1571) and the bosonic symmetry property (|58l) as valid as 
well for arbitrary n-particle state fl52l) [8], [9], 

ii) The complete algebra of K-deformed oscillators is formulated [8], [9] in a way con- 
sistent with the associativity property of the o^-multiplication. 



4 Discussion. 

In this paper we propose the quantization rules for free K-deformed field theory by in- 
troducing the suitably chosen ^^-product of K-fields (El]) and o^-multiplication of field 
oscillators fl5^ - fl551) . We show that the K-deformed creation and annihilation operators 
satisfy the canonical commutation relations with respect to the multiplication (see (14^ 
and (H5|) ). In such a way we arrive at the K-deformed counterpart of the canonical field 
quantization procedure (see fH2|) and (H3l) ). 

Let us observe that recently the idea of /t-statistic changing the momentum depen- 
dence of the transposed states was considered in [IB],[I2]- In [IS] there is constructed an 
alternative basis for K-deformed Fock space, without considering the respective algebra of 
K-deformed oscillators. An interesting idea was proposed in |19]. In [8] we started from 
the following general form of the K-deformed commutativity of the creation operators 

Fk{p, g)a«(/o(p, q), f{p, q))aK {go{p, q),9{p, q)) = 

= G,,{q,p)a^{ho{p,q),h{p,q))a,,{ko{p,q),k{p,q)) . (59) 

In [8] we have chose = = I and have selected the functions (7^, h^, in a sim- 
plest way consistent with «;-deformed addition law for fourmomenta and fourmomentum 
conservation law. In [12] additionally it was assumed that the relation flMJl) is covariant 
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under /t-Poincare boost transformations. It appears that the K-covariant choice of the 
functions occuring in fl59l) exist, and satisfy quite involved equations, solved only pertur- 
batively with respect to powers ^. We would like to add here that in our approach we 
transfer the problem of /t-covariance of the formalism to the field-theoretic level (see [9]) 
where we provided the K-covariant commutator for K-deformed free fields. 

It should be noted that our K-deformed multiplication rules proposed firstly in [S] 
are based on nonstandard idea of the dependence of the threemomentum of one particle 
on energies of other particles present in the system. This dependence is obtained in 
such a way that one can introduce the n-particle states which are symmetric and with 
classical Abelian addition law for the particle fourmomenta. One can interprete this 
energy dependence as a geometric interference of free field quanta in the trans-Planckian 
region - in other words we conjecture that one gets a sort of purely geometric interaction 
between particles as a kinematical effect caused by the space-time noncommutativity [20] . 

Finally, it should be pointed out that our considerations in this note are restricted to 
the case of free fields only. Our main aim is to obtain the perturbative framework for the 
K-deformed local field theory, but this problem is still under investigation. 
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